The property of limiting fragmentation of various observables such as rapidity distributions (dN/dy), elliptic flow (v2), average transverse momentum ( pT ) etc. of charged particles is observed when they are plotted as a function of rapidity (y) shifted by the beam rapidity (y beam ) for a wide range of energies from AGS to RHIC. Limiting fragmentation (LF) is a well studied phenomenon as observed in various collision energies and colliding systems experimentally. It is very interesting to verify this phenomenon theoretically. We study such a phenomenon for pion rapidity spectra using our hydrodynamic-like model where the collective flow is incorporated in a thermal model in the longitudinal direction. Our findings advocate the observation of extended longitudinal scaling in the rapidity spectra of pions from AGS to lower RHIC energies, while it is observed to be violated at top RHIC and LHC energies. Prediction of LF hypothesis for Pb+Pb collisions at √ sNN =5.02
I. INTRODUCTION
The ultimate goal of heavy-ion collisions is to study a phase transition from a hot, dense hadron gas (HG) to a deconfined and/or chiral symmetric phase of quarks and gluons called a quark-gluon plasma (QGP) [1] [2] [3] [4] [5] . By colliding heavy nuclei, a fireball with a large energy density extending over a sufficiently large space-time volume can be created so that an equilibrated quark-gluon plasma may be formed. However, experimental and theoretical investigations made so far reveal that it is indeed difficult to get an unambiguous evidence for QGP formation. It is very important to understand the dynamics of the collisions in order to suggest a unique signal for QGP. Such information can be obtained by analysing the properties of various particles emitted from various stages of the collisions. The dynamics of the hadronic system can be best studied via hadron yields, ratios, rapidity distributions and transverse mass spectra [6] . In this article, we focus only on the rapidity distributions of particles. Various types of formulations have been used to study the rapidity spectra of hadrons .
It is interesting to view the distribution of the multiparticle production in the rest frame of one of the colliding nuclei. Such distribution exhibits scaling independent of center-of-mass energy, √ s N N , in the fragmentation region. The slope of the dN/dη(y) curve in the fragmentation region of the projectiles (high η(y) region) remains independent of √ s N N for a given collision centrality. It was proposed by Benecke et al. [28] , Chou et al. [29] , Feynman [30] , and Hagedorn [31] that as √ s N N → ∞, the multiplicity distribution becomes independent of √ s N N . Here, the particle multiplicity refers to any of the secondaries produced out of the collision. This universality of multi-particle production is called limiting fragmentation. In a microscopic picture, while * Corresponding author: Raghunath.Sahoo@cern.ch describing the system formed in high-energy collisions, the application of perturbative Quantum Chromodynamics (pQCD) refers to very high mean free path of the system quanta. On the other hand, the application of the statistical hadron gas model (SHGM) and hydrodynamic models requires small mean free path, barring the freeze-out hypersurface, where the mean free path is assumed to be higher than the system size. In the latter scenario of a picture of hydrodynamic evolution of the system following Landau hydrodynamics, the hypothesis of limiting fragmentation appears as a coincidence, where the particle multiplicity distribution follows a Gaussian (pseudo)rapidity profile. The use of a dynamical SHGM thus inherits the microscopic ingredient of a hydrodynamic evolution of the system to look into the possible hypothesis of limiting fragmentation. In the macroscopic picture, the Lorentz contracted volume V m p / √ s, in hadronic and nuclear collisions controls the dN/dη(y), the entropy of the system at freeze-out. Hence the final state (pseudo)rapidity distribution is a manifestation of the Lorentz contraction factor and thus, the maximum (pseudo)rapidity (≡ y beam = ln( √ s N N mp ), the beam rapidity, where m p is the mass of the proton) achieved at a given collision energy. Usually one studies the pion dN/dη(y) for their maximum production probability in a multiparticle production process.
In collision experiments, limiting fragmentation is a much discussed phenomenon because it is observed for various colliding systems e. g. e + + e − [32] , p + p(p) ( √ s = 53 GeV to 900 GeV for charged particles in |η − y beam | > −2.5 ) [33] , d+Au, Au+Au etc. [32, [34] [35] [36] [37] [38] [39] . The limiting fragmentation or the longitudinal scaling, as it is named otherwise, has also been observed for photons produced in forward rapidities in heavy-ion collisions (Au+Au) at RHIC energies [35, 36] . In a recent work of LHCf Collaboration [40] , the inclusive production of π 0 is measured in p+p collisions at 2.76 TeV and 7 TeV and in p+Pb collisions at 7 TeV energies at a very forward region (8.8 < y < 10.8). In this work, the hypothesis of limiting fragmentation is found to be valid in p+p colliarXiv:1606.06906v2 [nucl-th] 20 Dec 2016 sions. However, for the p + p collisions at LHC √ s = 0.9, 2.76 and 7 TeV, the limiting fragmentation is reportedly violated in the measurements done for photons in the forward rapidity region (2.3 < η < 3.9) [41] . Although, the observed photons are decayed photons, primarily from π 0 , because of adversely different rapidity coverage of ALICE PMD and LHCf, no conclusions could be made on the observation of limiting fragmentation in π 0 versus the violations in photons.
Recently, various types of theoretical approaches have been used to study the limiting fragmentation phenomenon [42] [43] [44] [45] [46] [47] observed in heavy-ion collisions. In Ref. [42] , a two step process is used for soft particle production in hadronic collisions, where the first step is related to the multiple gluon exchange between the partons from the two colliding hadrons, while in the second step, partons radiate hadronic clusters. This two step mechanism explains the observation of limiting fragmentation in the rapidity spectra of particles in heavyion collisions. In Ref. [43] , the limiting fragmentation and its possible violation is discussed within the partonic approach. Phenomenologically, limiting fragmentation suggests that the hadronic cross sections become independent of collisions energies. This means that the excitation and breakup of hadrons would be independent of collision energies and distributions in the fragmentation region would approach a limiting curve [43] . But we know that the hadronic cross sections are not constant at very high energies [45, 48] . Therefore, the limiting fragmentation should fail at such high energies. However, limiting fragmentation has been observed in a wider region at RHIC energies and it is referred to as an extended longitudinal scaling [49] . In view of partons, longitudinal scaling relates to Bjorken scaling of the parton distributions and the production dynamics [43] . Limiting fragmentation of dN ch /dη, v 2 and p T is studied by using transport models like, Ultra-relativistic Quantum Molecular Dynamics (UrQMD) and A Multi Phase Transport (AMPT) at various √ s N N [44] . In ref. [44] , it is observed that AMPT with the string melting scenario shows the longitudinal scaling for dN ch /dη, v 2 and p T while UrQMD and AMPT default versions show it only for dN ch /dη and p T . The authors argue that the longitudinal scaling in dN ch /dη and p T does not necessarily mean that the same scaling will be observed in v 2 . Sarkisyan et al. [50] have also presented the phenomenon of limiting fragmentation of pseudorapidity distributions for the charged particles in the framework of effective energy approach combined with the constituent quark picture with the use of Landau hydrodynamics. Cleymans et al. [25] have recently studied the extended longitudinal scaling for dN/dy of pions using statistical thermal model. Their model assumes a Gaussian distribution of fireballs centered at zero rapidity, with a Boltzmann-like thermal single particle distribution. They fit the experimental data on pion rapidity spectra from SPS to RHIC energies with such Gaussian distributions and extract the fit parameters. After that, they extrapolate the fit parameters at LHC energy and predict the rapidity spectra for pions at this energy. They claim that the property of extended longitudinal scaling of rapidity spectra of pions is consistent with the statistical thermal model up to highest RHIC energies and it is violated at LHC. In Ref. [46] , the property of limiting fragmentation for dN/dy for p + p collisions is studied via Monte Carlo quark-gluon string model. It is found that the extended longitudinal scaling is also valid at LHC within this approach. Stasto [47] has studied the property of limiting fragmentation for pseudorapidity distributions in nucleon-nucleon collisions for charged particles using the framework of k t factorization with unintegrated gluon distributions. In this work, the limiting fragmentation is observed for all energies taken into consideration. Furthermore, the calculations based on hadronic interactions models like DP-MJET [51, 52] and QGSJET [53] claim that the limiting fragmentation phenomenon in the rapidity distributions of π 0 is observed in p+p collisions at √ s= 2.76 TeV and 7 TeV.
We plan to study the well established property of limiting fragmentation for rapidity distributions of pions in heavy-ion collisions using the statistical thermal model with the effect of flow [54] . For this purpose, we use our recently proposed excluded-volume model with the incorporation of collective flow in the longitudinal direction. This model has been successful in explaining various aspects of particle production in heavy-ion collisions, likeparticle spectra, ratios etc. at RHIC and LHC energies [55] . We take the hadrons and their resonances having masses up to 2 GeV. We assign an equal hard-core size to each type of baryons in the hadron gas (HG) in order to include repulsive interactions between them, while the mesons, which can interpenetrate into each other are treated as point-like particles. We impose the strangeness neutrality condition,
, where S i is the strangeness of the i − th hadron in order to ensure the strangeness conservation in our model. We use the chemical freeze-out criteria proposed in our model [55] to obtain temperature (T) and baryon chemical potential (µ B ) at various center-of-mass energies. The paper is organized as follows: we first discuss the formulation of our model for HG and then we discuss its applicability in describing the rapidity distribution. After that, we modify our thermal model by incorporating the collective flow in the longitudinal direction. In the ensuing section, we compare the experimental data on various hadron ratios at LHC energy (2.76 TeV) with our model predictions. We also deduce dV /dy for pions at various √ s N N . Then, we calculate rapidity distributions for pions at various √ s N N and shift the rapidity distributions in the rest frame of one of the beams. Finally, we present summary and conclusions.
II. THE MODEL
We have recently proposed an excluded-volume model for a hot and dense hadron gas [55] where we derive the number density n ex i for the i − th species of baryons using quantum statistics in the grand canonical partition function which is given after excluded-volume correction as follows [55] :
where
i is the fractional occupied volume by the baryons [56] . V 0 i = 4π r 3 /3 is the eigen-volume of each baryon having a hard-core radius r and λ i is the fugacity of the i − th baryon. Here we take r=0.8 f m as a free parameter in our calculation. Further, I i is the integral of the baryon distribution function over the momentum space [55] . Here, we use quantum statistics in the grand canonical partition function for baryons. Since in this work we calculate the rapidity distributions only at LHC energies hence for the sake of convenience we use Boltzmann's statistics in the grand partition function for HG. Now in the Boltzmann's limit, the eq (1) can be reduced in the following form [57] :
where J i is the momentum integral for baryons in the Boltzmann statistics. Now, eq. (2) can be rewritten as follows [54] :
Here y is the rapidity variable and m T = m 2 + p T 2 is the transverse mass. E i is the energy of the i − th baryon, V is the total volume of the fireball formed at chemical freeze-out and N i is the total number of i − th baryons. We assume that the freeze-out volume of the fireball for all types of hadrons at the time of the homogeneous emissions of hadrons remains the same.
By using E i = m T coshy in eq. (3) and integrating the whole expression over transverse component we get the rapidity distributions of baryons as follows [54] :
Eq.(4) gives the rapidity distributions of baryons arising due to a stationary thermal source. Similarly, the rapidity density of mesons can be calculated by using the following formula [54] :
Here g m , λ m are the degeneracy factor and fugacity of the meson m, respectively. Further simplifying the eq. (4) by integrating it from m T = m i to m T = ∞, we get the rapidity distribution of baryons in Boltzmann's statistics as follows [9, 58] :
In a similar fashion we can also find the formula for rausing our model as below :
where m m is the mass of the m − th meson.
When we compare our model results with the experimental data on rapidity distributions of hadrons, we find that our model describes the experimental data very well at mid-rapidity but it fails at forward and backward rapidities [54] . Hence, we modify the expression for rapidity spectra for hadrons as obtained in our thermal model by incorporating a flow velocity in the longitudinal direction. Compared to the static fireball approximation used in the framework of statistical hadron gas models in describing heavy-ion collisions, the inclusion of flow brings up the dynamical aspects, while describing the experimental data. While incorporating longitudinal flow in a stationary thermal source, a boost invariance scenario is modified by restricting the boost angle, η to a fixed interval [9] . Thus the resulting rapidity spectrum of the i − th hadron, after the incorporation of the flow velocity in the longitudinal direction is [54] :
where dN i dy th can be calculated by using eq. (6) for the baryons and eq. (7) for the mesons. The average longitudinal velocity is given as [54, 59] :
Here η max. is a parameter which is used to provide the upper rapidity limit for the longitudinal flow velocity at particular √ s N N . The value of η max. is found to increase with √ s N N and hence β L also increases.
III. RESULTS AND DISCUSSION
In figure 1 , we have shown the multiplicity of various particle ratios at center-of-mass energy of 2.76 TeV. We have compared our model calculation with the experimental data [60] . To calculate particle ratios at LHC energies we use the chemical freeze-out criteria as proposed in our model [55] from which we extract chemical freeze-out parameters i.e. temperature (T) and baryon chemical potential (µ B ) at this energy. The values of T and µ B at this energy are 163.5 MeV and 1.525 MeV, respectively which go in line with the observations by the ALICE experiment at LHC [60] . We have also included the contributions of resonance decays while calculating the particle ratios. We find a very good agreement between our results and the experimental data except in the case of p/π + ratio, where our model result lies well above the experimental data. The thermal model fails to explain this ratio, which insights a new kind of formation mechanism. Various mechanisms have been used to explain this non-thermal particle ratio [61, 62] . In Ref. [61] , it has been suggested that the p/π + ratio is strongly modified due to the late stage hadronic effects in which hadrons fall out of equilibrium until they finally freeze-out. Noronha-Hostler et al. [62] pointed out that the inclusion of extended mass spectrum i. e. Hagedorn states, into the HG equation of state can explain such a suppressed p/π + ratio at LHC. The inclusion of baryonantibaryon, B −B channels in hydrodynamical models reduce the final state proton and anti-proton multiplicity and hence explain the p/π + ratio at LHC, which is termed as "proton puzzle" [63] .
A statistical thermal model essentially describes the system in a thermodynamic equilibrium but it does not provide any information pertinent to the existence of a QGP phase before hadronization. However, if a mixed phase occurs in the space-time evolution of the system formed in heavy-ion collisions, the volume V of the system at freeze-out is expected to be much larger than what we expect from a system if it remains only in the hadronic phase throughout the evolution. Figure 2 shows the variation of dV /dy for π + as calculated in our model and their variations with the center-of-mass energy. To deduce dV /dy for π + , we use the experimental [65] . The only available experimental data at y=0 for √ sNN = 2.76 TeV Pb+Pb collisions is shown for a comparison. The shaded area shows the uncertainty arising due to variations of the parameter chosen for calculating rapidity distributions.
data for dN/dy at mid-rapidity and divide it by the corresponding number density calculated in our model. At √ s N N =2.76 TeV we have taken the experimental midrapidity data on dN/dy for π + from Ref. [64] . Since at √ s N N =5.02 TeV there are no experimental data on the rapidity density of π + at mid-rapidity, we have used the AMPT data [65] at this energy to extract dV /dy for π + . This is because AMPT-SM data well describes the rapidity density at various collision energies [66] . We extend our earlier studies [54] on mid-rapidity multiplicity distribution of pions at RHIC to the highest LHC energy through √ s N N =2.76 TeV. We have compared our model predictions with the data obtained from the pion interferometry (HBT) [67, 68] , which reveals the thermal (kinetic) freeze-out volume. After observing a reasonable agreement of the model calculations with that of experimental data on hadron yield ratios and studying dV /dy, we proceed to look into the hypothesis of limiting fragmentation and its possible validity at LHC energies.
In figure 3 , we show the rapidity distributions of π + for Pb+Pb collisions at 2.76 and 5.02 TeV energies at LHC. Due to lack of the experimental data on π + rapidity density over all the rapidities, we compare our model results with that of AMPT [65] , which uses the string melting scenario. Since, the AMPT model with string melting scenario is very successful in explaining the experimental data on charged particle rapidity distributions [66] , it is reliable to compare our model results with that of the AMPT with string melting scenario, as far as the particle multiplicity density distribution is concerned. To calculate rapidity distributions, we use eq. (8), where we take the value of the parameter η max. =5.8 at 2.76 TeV. In order to check the appropriateness of the parameter, we also show the rapidity distributions with a slightly different value η max. =5.0 at this energy. We find that η max. = 5.8 explains the data successfully. The shaded area shows the difference in rapidity distributions arising due to various values of η max. . After using η max. =5.8 in eq. (9), we get the longitudinal flow velocity, β L =0.993c, where c is the of speed of light. With this longitudinal flow incorporated in our thermal model, we get a reasonable agreement of dN π + /dy between AMPT data and our model. We also show the experimental data available at mid-rapidity at √ s N N = 2.76 TeV [64] and we observe Figure 4 represents the variation of rapidity distributions of π + with respect to the shifted rapidity y − y beam over a broad energy range from 8.7 GeV to 5.02 TeV. Here, y beam can be calculated by using the formula, y beam = ln( √ s N N mp ) at each energy. In this work, we have calculated rapidity distributions at various energies using the discussed model with flow [54] . We find that the property of extended longitudinal scaling is observed up to below top RHIC energy, while it is observed to be violated at LHC energies in our thermal model with flow. In figure 5 , we have shown the variation of the longitudinal flow extracted in our model with respect to the center-ofmass energy. We find that the longitudinal flow increases with the collision energy.
IV. SUMMARY AND CONCLUSION
We give a detailed overview of the experimental and theoretical findings related to the hypothesis of limiting fragmentation observed in various collision species, which is a very important phenomenon in multi-particle production processes. To see its validity at RHIC and LHC energies in the framework of a statistical hadron gas model, which has been very successful in describing various aspects of particle production and freeze-out in heavy-ion collisions, we incorporate flow to make the formalism more realistic. In this framework, we find that our model provides a good fit to the various particle ratios at LHC energy except p/π + ratio, which can be explained by some other kinds of production mechanism. We have also calculated the volume of the fireball at chemical freeze-out and we get a very large volume of the fireball at freeze-out, which suggests that there should be a mixed phase in the space-time evolution of the fireball formed in heavy-ion collisions. We have shown the rapidity spectra for π + in Pb+Pb collisions at LHC energies and compared our model predictions with the AMPT model results. With this comparison we found a reasonable agreement between the results of our thermal model with flow and that observed in the AMPT model. This validates the approach of our thermal model with the longitudinal flow in studying the rapidity spectra at LHC energies. We presented the variations of rapidity distributions for π + over a wide energy range from 8.7 GeV to 5.02 TeV with respect to the shifted rapidity y − y beam . We found that rapidity distributions show the property of extended longitudinal scaling up to below top RHIC energy, while it is observed to be violated at RHIC 200 GeV and LHC energies in our thermal model with flow. Pion multiplicity data, dN/dη(y) in the forward rapidities or with an extended (pseudo)rapidity interval at LHC energies would be extremely useful to verify the hypothesis of limiting fragmentation at higher collision energies and thus would help in fine-tuning the theoretical models to describe the particle production in heavy-ion collisions.
